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Abstract: Let Abe a. separable, unital, approximately divisible C*-algebra. We show 
*zf that A is generated by two self-adjoint elements and the topological free entropy dimen- 

sion of any finite generating set of A is less than or equal to 1. In addition, we show that 
the similarity degree of A is at most 5. Thus an approximately divisible C*-algebra has 
an affirmative answer to Kadison's similarity problem. 

< 

w ■ Keywords: Approximately divisible C*-algebra, generators, topological free entropy di- 

J3 • mension, similarity degree 

ta : 

2000 Mathematics Subject Classification: Primary 46L05 

pT , 1. Introduction 

The class of approximately divisible C*-algebras was introduced by B. Blackadar, A. 
Kumjian and M. R0rdam in [1], where they constructed a large class of simple C*-algebras 
having trivial non-stable K-theory. They showed that the class of approximately divisible 
C*-algebras contains all simple unital AF-algebras and most of the simple unital AH- 
algebras with real rank 0, and every nonrational noncommutative torus. 

The theory of free entropy and free entropy dimension was developed by D. Voiculescu 
in the 1990's. It has been a very powerful tool in the recent study of finite von Neumann 
algebras. In [17] , D. Voiculescu introduced the notion of topological free entropy dimen- 
sion of elements in a unital C*-algebra as an analogue of free entropy dimension in the 
context of C*-algebra. Recently, D. Hadwin and J. Shen [7] obtained some interesting 
results on topological free entropy dimensions of unital C*-algebras, which includes the 
irrational rotation C*-algebras, UHF algebras and minimal tensor products of reduced 
free group C*-algebras. Thus it will be interesting to consider the topological free en- 
tropy dimensions for larger class of unital C*-algebras. One motivation of the paper is 
to calculate the topological free entropy dimensions in the approximately divisible unital 
C*-algebras. 

Note that Voiculescu's topological free entropy dimension is defined for the finitely 
generated C*-algebras. Therefore it is natural to consider the generator problem for ap- 
proximately divisible unital C*-algebras before we carry out the calculation of the topo- 
logical free entropy for approximately divisible unital C*-algebras. In fact the generator 

l 



OO 
O 



problem for C*-algebras and the one for von Neumann algebras have been studied by 
many people and many results have been obtained. For example, C Olsen and W. Zame 
[9] showed that if A is a unital separable C*-algebra and B is a UHF algebra, then A ® B 
is generated by two self-adjoint elements in A ® B. It is clear that such A ® B is approxi- 
mately divisible. In the paper we obtain the following result (see Theorem 3.1), which is 
an extension of C. Olsen and W. Zame's result in [9]. 

Theorem: If A is a unital separable approximately divisible C*-algebra, then A is gen- 
erated by two self-adjoint elements in A, i.e., A is singly generated. 

Next, we develop the techniques from [7] and compute the topological free entropy 
dimension of any finite family of self-adjoint generators of a unital separable approximately 
divisible C*-algebra. More specifically, we obtain the following result (see Theorem 4.3). 

Theorem: Let A be a unital separable approximately divisible C*-algebra. If A has 
approximation property, then 

where xi,...,x n is any family of self-adjoint generators of A. 

In the last part of the paper, we study the Kadison's similarity problem for approxi- 
mately divisible C*-algebras. In [8j, R. Kadison formulated his famous similarity problem 
for a C*-algebra A, which asks the following question: Let % : A — > B(TC) (H is a Hilbert 
space) be a unital bounded homomorphism. Is it similar to a *-homomorphism, that is, 
there exists an invertible operator S G B(7t) such that S~ 1 n(-)S is a *-homomorphism? 

G. Pisier |10j introduced a powerful concept, similarity degree of a C*-algebra, to de- 
termine whether Kadison's similarity problem for a C*-algebra has an affirmative answer. 
In fact, he showed that a C*-algebra A has an affirmative answer to Kadison's similarity 
problem if and only if the similarity degree of A, d(A), is finite. The similarity degrees 
of some classes of C*-algebras have been known, which we list as below. 

(1) A is nuclear if and only if d{A) = 2 ( [2|, [3], [J3]); 

(2) if A = B(H). then d(A) = 3 (JF2\). 

(3) d(A ® K{H)) < 3 for any C*-algebra A ([6]. [TTj): 

(4) if M. is a factor of type Hi with property T, then d(Ai) = 3 (|4J). 

The last result (see Theorem 5.1) we obtain in the paper is the calculation of similarity 
degree of approximately divisible C*-algebras. 

Theorem: If A is a unital separable approximately divisible C*-algebra, then 

d(A) < 5. 

As a corollary, an approximately divisible C*-algebra has an affirmative answer to Kadi- 
son's similarity problem. 

The paper has five sections. In section 2, we recall the definition of approximately 
divisible C*-algebra. The generator problem for an approximately divisible C*-algebra 
is considered in section 3. The computation of topological free entropy dimension in an 



approximately divisible C*-algebra is carried out in section 4. In section 5, we consider 
the similarity degree of an approximately divisible C*-algebra. 

2. Notation and preliminaries 

In this section, we will introduce some notation that will be needed later and recall the 
definition of approximately divisible C*-algebra introduced by B. Blackadar, A. Kumjian 
and M. R0rdam pQ. 

Let •Mfc(C) be the k x k full matrix algebra with entries in C, and A4 k a (C) be the 
subalgebra of .Mfc(C) consisting of all self-adjoint matrices of A4 k (C). Let lA k be the 
group of all unitary matrices in M. k (C). Let J^A k (C) n denote the direct sum of n copies 
of M k {C). Let (M s k a {C)) n be the direct sum of n copies of M s k a {£). 

The following lemma is a well-known fact. 

Lemma 2.1. Suppose B is a finite- dimensional C* -algebra. Then there exist positive 
integers r and hi, . . . , k r such that 

B = M kl (C)®---®M kr (C). 

Definition 2.1. Suppose 

B^M kl (C)®---®M kr {C) 

is a finite- dimensional C* -algebra for some positive integers r,k\, . . . ,k r . Define the rank 
of B to be 

Rank(B) — k\ + h k r , 

the subrank of B to be 

SubRank(B) = m.m{ki, . . . ,k r }. 

The following definition is Definition 1.2 in pQ. 

Definition 2.2. A separable unital C-algebra A with the unit J4 is approximately 
divisible if, for every x±, . . . , x n E A and e > 0, there is a finite- dimensional C* -subalgebra 
B of A such that 

(1) I A G B; 

(2) SubRank{B) > 2; 

(3) \\xiy — yxi\\ < e for i — 1, . . . ,n and all y G B with \\y\\ < 1. 

The following proposition is also taken from Theorem 1.3 and Corollary 2.10 in pQ. 

Proposition 2.1. (\1\) Let A be a unital separable approximately divisible C* -algebra 
with the unit I_\. Then there exists an increasing sequence {A m }m=i of subalgebras of A 
such that 

(2) for any positive integer m, A' m nA m+ i contains a finite- dimensional C* -subalgebra 
B with l^^B and SubRank(B) > 2, 

(3) for any positive integers m and k, there is a finite- dimensional C* -subalgebra B of 
A' m n A with Ia^B and SubRank(B) > k. 



3. Generator problem of approximately divisible C*-algebras 

In this section we prove that every unital separable approximately divisible C*-algebra 
is singly generated, i.e., generated by two self-adjoint elements. 

THEOREM 3.1. If A is a unital separable approximately divisible C* -algebra, then A 
is singly generated. 

Proof. Since A is separable, there exists a sequence of self-adjoint elements {x i \ c ^ 1 C 
A that generate iasa C*-algebra. 

Claim 3.1. There exists a sequence of finite- dimensional subalgebras {B n } ( ^ =1 of A so 
that the following hold: 

(1) V n G N, Iji <E B n , where I A is the unit of A; 

(2) SubRank(Bi) > 3, and for any n > 2, 

SubRank(B n ) > n ■ (Rank^)) 2 ■ ■ ■ (itonfc(B„_i)) 2 + 3; 

(3) ifn^m, then B n commutes with B m ; 

(4) for any n£N, 

dist{x p , B' n n A) < 2- n , VI < p < n, 

where dist(x p ,B' n C\ A) — ini{\\x p — y\\ : y G B' n fl .4}. 

Proof of the claim. It follows from Proposition 12.11 that there exists an increasing 
sequence {A rn \m=i °f subalgebras of A such that 



(b) for any positive integer m, A' m nA m +i contains a finite-dimensional C*-subalgebra 
B with I A G B and SubRank(S) > 2, 

(c) for any positive integers m and k, there is a finite-dimensional C*-subalgebra B 
of A' m nA with I A G B and SubRank(S) > k. 

Instead of proving Claim 3.1 directly, we will prove a stronger result by replacing the 
statement (3) in Claim 3.1 with the following one: 

(3 ; ) there exist two increasing sequences {s n }^ =1 and {t n }^ =1 of positive integers such 
that, for any n G N, s n < t n < s n+ i and B n C A' Sn fl At n - 

We prove this stronger claim by using the induction on n. 

Base step: Note that A = U m A m . For x\ G A, there are a positive integer si 
and a self-adjoint element y\ G A Sl such that ||xi — y\ || < |. By the restriction (b) on 
the subalgebras {A m }'^ =1 , we know that there exist two finite-dimensional subalgebras 
C Sl+ i,C Sl +2 in A such that, 

(i) I A G C Sl+1 and I A G C Sl+2 ; 

(ii) C Sl+ i C A' S1 n A S1+1 and C sl+2 C A' Sl+1 n A Sl+2 ; 

(iii) SubRank(C sl+ i) and SubRank(C Sl+2 ) are at least 2. 
Let t\ — s\ + 2, B\ = C*(C Sl+ i,C tl ) the *-subalgebra generated by C Sl+ \ and C tl in A. 
Then SubRank(Si) > 3 and B x C A' S1 n A,. 



Inductive step: Now suppose the stronger claim is true when n < k — 1, i.e., 
there exists a family of finite-dimensional C*-algebras {B n }^l\ of A, and two increasing 
sequences of positive integers {s n }^l\ and {t n }^l\ that satisfy (1), (2), (3') and (4). 

For Xi, . . . ,Xk in A, from the restriction (a) on {A m \ c ^ =l C A, we know that there 

are a positive integer Sk with Sfc > tk-\ and self-adjoint elements ?/},..., y k in ^4 Sfc such 

that || Xi — y\ || < 2 _fc for 1 < % < k. From the restriction (b) on {A m }m=i — A, there 
exists a family {C Sfe+ i,C Sfc+2 , . . .} of finite-dimensional subalgebras in A such that, 

(i) 1.4 G C Sfc+ j, Vi> 1; 

(ii) C Sfc+i C A' Sk+i ^ n A fc +i, Vi>l; 

(iii) SubRank(C Sfc+i ) > 2, V i > 1. 
By (ii), we know {C Sk+ i,C Sk +2, • • •} is a commuting sequence of subalgebras of A. Com- 
bining with (iii), we get that there is a positive integer tk such that 

SubRank(C*(C Sfc+1 , . . . ,C tk )) > k • (Rank(^)) 2 • • • (Rank^)) 2 + 3, 

where C*(C Sk+ i, . . . ,C tk ) is the C*-subalgebra generated by C Sfc +i, . . . ,C tk in A. Moreover, 
I A G C*(C Sk +i, . . . ,C tk ) is a finite-dimensional C*-subalgebra in A' Sk fl At k - Let 

B k = C*(C Sk+1 , ...,Ct k ) 

and it is not hard to check that £>i, . . . , £>& satisfy the conditions (1), (2), (3') and (4) in 
the stronger claim. This completes the proof of the claim. 

Let {B n }^ =1 be as in Claim 3.1. For any positive integer n, since B n is a finite- 
dimensional C*-algebra, there exist positive integers r n and k{ , . . . , krj such that 

B n ^M k ( n) (C)®---®M k (n)(C). 

Let {e£ : 1 < i,j < k s , } be the canonical system of matrix units for .M,». If there 

is no confusion arising, we can further assume that {eft : 1 < i, j < k\ , , 1 < s < r n } 
consists a system of matrix units of B n . Note that B n contains the unit Ij, of A, so 

I n ">s 

s=l i=\ 

Define 









Then p n is a projection of B n . It is clear that 

Pne^ = /orl< S <r n . (2) 

Claim 3.2. Let {x n }™ =1 , {B n } c ^ =1 , {r n }^ =1 and {p n }^Li be defined as above. For any 
positive integer n, there exists z n = z* n E A with \\z n \\ = 2~ (ri+ '" +rn+1 ) so that 

(i) (I A ~ Pn)Pn-l •■■Pi' Zn-Pl- ' Pn-liU ~ Pn) = Z n , 



(ii) dist(xj, C*(Bx, ..., B n , z n )) < 2 n for 1 < j < n, where C*{B\, . . . , B n , z n ) is the 
C* -subalgebra generated by £>i, . . . , B n , z n in A. 

Proof of the claim. By Claim 13.11 for any positive integer n and X\, . . . , x n , we know 

dist{ Xj , B' n n A) < T n for 1 < j < n. 

Thus there exist self-adjoint elements y[ n , . . . , yn in A that commute with B n and 

\\ x j - yf ] \\ < 2 ~ n f° r 1 < J < n. 

Let 

1 T ri e {1 ' s) v {1) 

1 2*+*i ' II V ri p (1 ' s) 7, (1) ll' 

II Z^s=l e 22 i/1 II 

With SubRank(£>i) > 3, we have 

(I A -Pi) ■ z l ■ (U-Pl) = Zl- 
By the equation (3) and the fact that y[ commutes with Bi, we know 

rf'^MiXX/V'iiV (EE^'-i-a 

\ s=l / V s=l i=\ 

Thus we know that y\ is in the C*-algebra generated by B\ and z\, whence 

dist{x x ,C*{B 1 ,z 1 )) < distixuy^) < 2 -1 . 
Now let us construct z n for any positive integer n > 2. Let 

A n _i = {(ii,Si) X ( Ji , ti ) X ••• X (z n _i,S n _i) X (j n -i,t n -l) ■ 



I < n < ki\\l < 3l < k£ } ,1 < suh < 



ru 



■ ■ ■ , 1 < in-l < fc 1} , 1 < J'n-l < fc 1} , 1 < S„-i, tn-1 < r n _i}. 

It is not hard to check that the cardinality of the set A n _i satisfies 



ra-1 



Card(A n _i) = Y[(Rank{Bi)f 



i=l 

Hence, for any 1 < j < n, there is a one-to-one mapping /• from the index set A n _i 
onto the set 

{i e N \{j - 1) • Cord(A n _!) + 2 < z < j ■ Card(A n _i) + 1}. 

For any index 

a = (z 1} si) x (ji,ti) x • • • x (i n _ l7 s n _i) x (j n _!, £ n _i) G A n _i 

and any 1 < j < n, we should define 

n (J n h - p (n-l,s n -i) . . . (l.si) (n) (l,ti) (n-l,t„_!) . / 4 x 

s n-l >'«— 1 re si 1*1 Jli' t t 1 J n ~ 1 ^t n _ 1 
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By Claim 3.1, we know that SubRank(£>„) > n ■ Card{ A n _i) + 3. It follows that 

zn = c„-EE E KfW'^ • a( ^ n)) +(e ^W ) (-) + i' o( ^ B))) ; (5) 

s=l j = l « 6 A„_i V 3 J 3 ] / 

is well defined and contained in A, where c n is a constant such that 

|| ^H = 2-("+-+ r »+ 1 ). (6) 

From the construction of z n , it follows that z ra = z* and 

^n = (I A ~ Pn) ■ Pn-1 • • • Pi • Z n • p± • • -p n _i • (i^ - p n ). 

To prove dist(xj, C*(Bi, . . . , B n , z n )) < 2~ n for 1 < j < n, it is sufficient to prove that 

{Vi, • • • , yn } Q C*(B 1 ,...,B n ,z n ). Because B n commutes with yf> , . . . , yi n) , for any 
a G A n _! and 1 < j < n, from the equation (5) it follows that 

' n "*s / -I \ 

«(?/j n) ) = E E e(n A< ^ ■ ( — Zn ) ■ e K ^ ■■ 



s=l j=l 

This implies that a(y, ) G C*(Bi, . . . , B n , z n ). 

Suppose a = (ii,Si) x (ji, £i) x • • • x (z n _i, s„_i) x (j n _i, i n _i) G A n _i. Again because 
B±, . . . , B n -i are commuting, for any 1 < j < n, from the equation (4) it follows that 

(n-l,s„_i) _ _ _ (l.si) _ (n) _ (l,ti) _ _ _ (n-l,t„_i) 
e j„-i,i„_l e U,«i »j jljl jn-l,jn-l 

_ „0-Mn-l) _(l,Sl) ^.("h J 1 '* 1 ) „("-l,tn-l) 

_ Z 1 fe^- 1 ' " i, fc (1) ' ^' ' ' k W 71 " ' fc'™" 1 ' 7 , 

,(1) 1.(1) t (»-l) fct™- 1 ' 



and 



rf*=EEE- ZEE 

Sl,tl = l Zl=l ji=l S n _l,t„_l=l Z„_l=l i„-l=l 

(n-l,s„_i) _ _ _ (l,si) _ in) _ (l,ti) _ _ _ (ra-l,t„_i) 

in-l,in-l Zl,z'l "j jljl jn-l,jn-l ' 

(n) 



Thus ?/] nJ G C*(£ 1; . . . , #„, z n ). Hence 

distixj, C*(B U ..., B n , z^) < dist(xj,y( n) ) < T n for l<j<n. 
This completes the proof of the claim. 

Let {i n }^° =1 , {B n }^ =1) {r n }^ =1) {p n }^L 1 and {z n } < ^ =1 be as above. From the equation 
(2), the fact (i) of Claim 3.2 and the construction of z n , we can get some basic facts of 
z n . Let us list them below: 

(Fl) p n Z n = Z n p n = 0, 

(F2) z n ■ e\^' s = e\^ ■ z n — for m < n and 1 < s < r m , 
(F3) z n ■ z m = for any n ^ m. 



Let po = Ia an d r = 0. For any n > 1, let 



s=l 



Tri fca 1 



(n,s) (n,s) 



e i+l,iJ- 



S = l 1 = 1 

From the proven facts (Fl), (F2) and (F3), we have 

a n ■ a m = 0. for n ^ m (9) 

Combining the fact (F2), the equation (6) and the fact e^' • e-[™' = e^™ ■ e^™ = 
(s ^ Si), it is clear that 

IKH = max{{|| Pl • • -p n ^ ■ 2 -ri--rn-i-s . e^ s) \\} r s " =1 , \\z n \\} = 2~^-- r ^ < 2~ n . (10) 

By the equation (8), we get 

|| &n || < 2 ' 2- 2 " • || J^ J2 e M+lH - 2_2n+1 - 2 ~"- ( n ) 

s=l i=l 

It induces that both Yl^=i a n an d Er=i ^ n are an convergent series in .4.. Let 

oo oo 

J2a n , b = Y,b n - (12) 



oo oo 

a = 

n=l n=l 

It is clear that a = a* G A and 6 = b* G .4.. 



Claim 3.3. Let {B n }^ =l , {z n } c ^ =l and a,b be defined as above. Then 

{B 1 ,z 1 ,B 2 ,z 2 ,...}CC*(a,b), 

where C*(a,b) is the C*-subalgebra generated by a and b in A. 

Proof of the claim. It is sufficient to prove that, for any n > 1, 

{B 1 ,...,B n ,z 1 ,...,z n } C C*(o,6). 

We will prove it by using the induction on n. 

First we prove {£>i, z±} C C*(o, 6). From equations (7), (9), (12) and part (i) of Claim 
3.2, it follows that 

oo 

VfceN, {2a) k = (2 ai ) fc + ^(2a„) fc 

n=2 
r\ oo 

= e™ + ^-^M^ + (2*i) fc + £(2a n ) fe . 



si=2 ra=2 



By inequalities (6), (9) and (10), we obtain that 

r\ oo 

|| ^(2- Sl+1 ) fe e£' Sl) + (2 Zl ) k + ^(2a n ) fc || -► 0, as k -> oo, 



si =2 



n=2 



3 (1-1)| 



,(1,1) 



which implies ||(2a) — e^' || — ► 0, as k goes to oo. Thus, e\{ G C*(a,b). By the 
construction of the element 6, it is not hard to check {e|-' : 1 < i, j ' < fcj } are contained 

in the C*-subalgebra generated by e^' and b in A. Therefore, {e)-' : 1 < i,j < k[' } C 

C*(a,b). 
Since 

ri oo 

(I A - e^) -a-(I A - e^) = E 2-e& -) + *i + E a - 



by equation (6) and inequality (10) we know 



(4(I,i - eS' 1} ) -a-(I A -e 



,(1,2) ;, 



(1,1)^ 

11 , 



,(1.2) . 



s=2 



— e 



n=2 



(1.2) 
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0, as k — >■ oo. 



(i)- 



This implies e^' is in C*(a, 6), whence {e^-' : 1 < i, j < k\ } are in C*(a, b). Repeating 



,(i,») 



(i) 



the preceding process, we get that {ej- : 1 < i, j < ks , 1 < s < ri} and, therefore pi, 
are contained in C*(a, 6). By fact (i) of the Claim 3.2, we know 

and, from equation (7) we know 

oo 

(lA-Pi)^2a n = 0. 

n=2 

This induces that z\ is also contained in C*(a, b). Now we conclude that both B\ and z\ 
are contained in C*(a,b). 

Assume that {B\, . . . , B n -i, 24, ... , z n -i} ^ C*(a, b). We need to prove that {£>„, z n } C 
C*(a, b). By the equation (2) and the construction of the elements a, b (see equations (7), 
(8), (12)), we know that 



ij>l • • • Pn-l) a = E°< =Pl-"Pn-iy^2 ri ~ 



,(«.») 



s=l 



i=n+l 



and 



(Pi • • -Pn-l) &<Pl • • "Pn-l) = E & H 2_2 > • "Pn-l E E ( e M+l + e £lJ) + E ^ 



s=l i=l 



j=n+l 
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By equations (7), (9) and part (i) of Claim 3.2, we obtain that 

oo \ k 

'■)!••• Pn-i)e.H 



(2- + - + — +1 ) ^a, -(p : ■ - ' 



0, as k — > oo. 



,(«.*) . 



Using the similar argument as in the case n — 1, we know that {p\ ■ ■ ■ p n -\e\j ■ 1 < i, j < 

fcs , 1 < s < r n } are contained in the C*-subalgebra generated by Yl^ n a * anc ^ X^n ^* i n 
A. From the fact that B\ , . . . , B n are mutually commuting subalgebras, it follows that 

r\ K s 1 r n _i re s n _i 

(n,s) _ V^ V-> \^ V^ ^(""i.^-i) 

si=lii=l s n _i=li n _i=l 

ii fr (1) ^ P n ~ lfi ij ) e k W ,• V™" 1 ' ,• , 

is in C*(a, 6), which implies that {e 4 -™ : 1 < i,j ' < ki n , 1 < s < r n }, therefore S n , p n 
and z n , are contained in C*(a, b). This completes the proof of the claim. 

By Claim 13.21 and Claim 13. 3[ A is generated by two self-adjoint elements a and b. 
Therefore A is singly generated. □ 

Suppose .A is a unital separable C*-algebra and B is a UHF algebra. It is clear that 
A®B is approximately divisible. Therefore Theorem 9 in [9] is a corollary of our theorem. 

Corollary 3.1. If A is a unital separable C* -algebra and B is a UHF algebra, then 
A® B is singly generated. 

4. Topological free entropy dimension 

In this section we show that the topological free entropy dimension of any finite gen- 
erating set of a unital separable approximately divisible C*-algebra is less than or equal 
to 1. 

4.1. Preliminaries. We are going to recall Voiculescu's definition of topological 

free entropy dimension of an n-tuple of self-adjoint elements in a unital C*-algebra. 
For any element (Ai, . . . , A n ) in A / U(C) ri , define the operator norm on .Mfc(C) n by 

IK-Ai,..., An) || = max{||A 1 ||,...,||A n ||}. 

For every u> > 0, we define the u-\\ ■ ||-ball Ball(B\, . . . ,B n ;u,\\ ■ ||) centered at 
(Bi,..., B n ) in Mk(C) n to be the subset of M k (C) n consisting of all (Ai, . . . , A n ) in 
M k {C) n such that 

\\(A 1 ,...,A n )-(B 1 ,...,B n )\\<u. 

Suppose J 7 is a subset of A4k(C) n . We define the covering number v^iT , to) to be the 
minimal number of u>-\\ ■ || -balls whose union covers T in .A/U(C) n . 
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Define C(X\, . . . , X n ) to be the unital noncommutative polynomials in the indetermi- 
nates X 1 , . . . , X n . Let {p m }m=i be the collection of all noncommutative polynomials in 
C{Xi, . . . ,X n ) with rational complex coefficients. (Here "rational complex coefficients" 
means that the real and imaginary parts of all coefficients of p m are rational numbers). 

Suppose A is a unital C*-algebra, x 1} . . . , x n , y l5 . . . , y t are self-adjoint elements of A. 
For any u,e > 0, positive integers k and m, define 

r top (x x , ...,x n ;k, e, m) = {{A u . . . , A n ) e {M s k a (C)) n : 

| \\pj(Ai, . . . , An) || - \\p j (x 1 ,...,x n )\\\ < e,Vl < j < m}, 

and define 

^oo(r top (xi, ...,x n ;k, e, m),u) 

to be the covering number of the set T top (xi, . . . , x n ; k, e, m) by a>|| • || -balls in the metric 
space (J\A s k a (C)) n equipped with operator norm. 
Define 

d top {xi,...,x n ;u)= mf hmsup — , 

e>0,meN fc^oo — K z lOgUJ 

and 

S top (x 1 ,...,x n ) = hm.swp6top{xi,...,x n ;uj). 

Define T top (x 1 , ...,x n : y x> . . . , y t ; k, e, m) to be the set of (A 1} . . . , A n ) e (M s k a (C)) n 
such that there is (Si, ... , B t ) E (M^iC)) 1 satisfying 

(A 1 ,...,A n ,B u ..., B t ) E r top (xi, . . . , x n , y lj . . . , y t ; k, e, m). 

Then similarly we can define 

jf / \ -t v log(v 00 (r top (x 1 ,...,x n :y h ...,y t ;k,e,m),uj)) 
d t0 p{x 1 ,...,x n :y 1 ,... 1 y t ;uJ)= mf hmsup — ; 

e>0,meN fc^oo — k z iogUJ 

and 

6 t op(xi,---,x n :yi,...,y t )= ]imswp8 top (xi, . . . ,x n : yi, . . . , y t ; u). 

Lemma 4.1. Suppose A is a unital C* -algebra, x\, . . . , x n , yi, . . . , y t are self-adjoint 
elements in A and xi,...,x n generate A. Suppose p e {p m }m=i an d ^ > 0. Then the 
following are true: 

(1) S t0 p(xx, . . . ,x n ;u) = 6 top (xi, ...,x n :yi,.. .,yt,w), 

(2) 6top(p(xi,. ■ ■ ,x n ) : xi,. . . ,x n ;u) = 8 t0 p(p(xx, ...,x n ) : x 1} . . . , x n ,yi, ■ ■ ■ ,yt',u), 

(3) 8 t op{xi, ...,x n ) > 8 t0 p(p(xi, . . . , x n ) :xi,...,x n )- 

Proof. The proof of (1) and (2) are straightforward adaptations of the proof of Propo- 
sition 1.6 in [16J. (3) is proved by D. Hadwin and J. Shen in [7]. □ 

The following lemma is Lemma 2.3 in pQ, and it will be used in the proofs of Theorem 
14. II and Theorem 14.31 
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Lemma 4.2. LetB be a finite-dimensional C* -algebra, which is isomorphic to .A/U^C)© 
■ ■ ■ © .A/U r (C). For any e > 0, there is a 5 > such that, whenever A is a unital separable 

C -algebra with the unit l^ and {a\j : 1 < i, j < k s , 1 < s < r} in A satisfying 
(1) \\(a^ ) r-a < -f\\<S for alii, j,s, 

m II 5J=i Eti a£ } " -TaII < *, 

( 3 ) Ik-iX'ii ~ °Sll - 6 f° r al1 ^3,31,3, \\aif4diW <$ tf s 7^ $1 orj^h, 
then there is a set {e^ : 1 < i, j < k s , 1 < s < r} of matrix units for a copy of B in 
A satisfying \\a\j — ej£ || < e for all i,j,s. 

4.2. Upper bound of topological free entropy dimension in an approxi- 
mately divisible C*-algebra. 

The following lemma is Lemma 6 in [5]. 

Lemma 4.3. The following statements are true: 

(1) Let Uk be the group of all unitary matrices in .A/U(C) ; u> > 0. Then 

i 1 \k 2 ^ n , \ ^ /^ 7Te \k 2 
- <Voo{Uk,v) < • 

UJ UJ 

(2) If d is a metric on ~R m , B is the unit ball ofM. m equipped with the norm induced 
by d, then for uj > 0, 

(-r<v d (M,u)<(-r 

UJ UJ 

Let B be a finite-dimensional C*-algebra which is isomorphic to A-f^C)©- • -©.M^C) 
for some positive integers fci, . . . , k r . To simplify the notation, we will use {e s L t } s ,t,t to 
denote a set {e^ : 1 < s, t < k L , 1 < t < r} of matrix units for £>, let {Re(e^ 4 )} s ,t,o 
denote the set { £st 2 si : 1 < s, t < k v , 1 < i < r}, and let {Im(e^ 4 )} s ,t,t, denote the set 
{ s \^ ] :l<s,t<h,l<i<r}. 

Lemma 4.4. Let A be a unital separable approximately divisible C* -algebra with unit 
I A, and {xi, . . . , x n } be a family of self-adjoint generators of A. Then, for any u> > 
and positive integer N, there exists a finite- dimensional C* -subalgebra B C A with a set 
of matrix units {e^ } s ,t, t = {& s t '■ 1 < s i t < k t , 1 < l < r}, a positive integer m and 
1 > e > 0, such that 

(1) I A e B, 

(2) SubRank(B) > N, 

(3) for any m > m , e < s$, and any k > 1, if 

(Ai, ...,A n , {B£} sU , {C^js^) G r top (xi, ...,x n , {Re(e^)} sU , {Im(e^ ] t )} sU \ k, e, m), 
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then there exists a set {P si : 1 < s,t < k t , 1 < i < r} of matrix units for a copy of B in 
Mk(C) so that 

l<t<r l<s<k L 



Proof. Suppose A = U m A m , where A m is as in Proposition 12.11 For any uj > 0, 
any positive integer N and self-adjoint elements x±, . . . , x n , there are self-adjoint elements 
yi,...,y n in some A m such that \\xj — yj\\ < ^ for all 1 < j < n. From part (3) 
of Proposition 12.11 there exists a finite-dimensional subalgebra B of A' m fl A such that 
I A G B and SubRank(i3) > N. Let {e^ : 1 < s,t < k t , 1 < t < r} be a set of matrix 
units for B. Then, for 1 < j < n, 



< 



< 






l<i<r l<s<fe t 



/ j / j e ss X e ss II 
l<t<r l<s<k, 

- vi) + %i - E E e 2te - %>- - E E e -V- 

l<t<r l<s<k L 

-Vi)- E E e SO;-%-) e 

l<t<r l<s<fc, 

^- - vj) 1 1 + 1 1 E E e « fo ~ %") e 

l<i<r l<s<fc t 

Xj - %-)ll + maxdlei^Xj - yfie® 



v'O 






Ml 

ss 



UJ UJ 
< 1 = UJ. 

2 2 



Let R = max{||a;i||, . . . , \\x n \\, 1}. 

By Lemma [4. 2[ there are < Eq < min{l, ^} and positive integer mo, such that, for 
any m > mo, s < So and k > 1, if 



?Wi 



t(0 



(*h 



>h 



(i4i, . . . , A», {^st }»,«,« {Cst } s ,t,J e r top (xi, . . . , x n , {Re(ey)} aAt , {Im(ey)}« )tjl ; fc, e, m) 



then there exists a set {P st : 1 < s, t < k L , 1 < i < r} C Mf: a (C) such that 

(a) {Pgl : 1 < s,t < k L ,l < l < r} is exactly a set of matrix units for a copy of B in 

Mfe(C), 

(b) For any 1 < t < r,l < s,t < k L , 



\Pg - {B$ + V=l • C$)\\ < 



uJ 



24R ■ Rank(-B) ' 
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Let D§ = B$ + v^T • C$. We have 

l<L<r l<s<k L 

< 114- £ £ ^M^Sll + ll £ £ (^-^)^w|| 

KKr Ksa, l<i<rl<s<fc,, 

+ 11 £ £ D<£Aj(PM-D<2)\\ 

l<t.<r l<s<k L 

+ii £ £ ( p £ - d$)Mp& - D$)\\ 

l<t<r l<s<fc t 

U) U) LU 

< u + e-\ 1 h - 

6 6 6 

< 2cu. 

□ 

Theorem 4.1. Suppose A is a unital separable approximately divisible C* -algebra 
generated by self-adjoint elements x±, . . . , x n . Then 

Stop(xi,. ..,x n )<l. 
Proof. For any positive integer N, 1 > u > 0, from Lemma \4. 41 there exists a finite- 
dimensional C*-subalgebra B C A with a set of matrix units {e^ } s ,t,t, = {ejt '■ 1 — s ^ — 
k b ,l < l < r}, a. positive integer m and 1 > e > 0, such that 

(a) I a e B, where I4 is the unit of A, 

(b) SubRank(£) > N, 

(c) for m > mo and e < Eq, and for any k > 1, if 

(Ai, . . . , An, {B$} aUi {C^} aU ) e T top (xi, ...,x n , {Re(e£ ) )} S)t)t , {Im(e^)} sAt ; k,e,m), 

(13) 
then there exists a set {P si : 1 < s, t < A; t , 1 < t < r} of matrix units for a copy of B in 
.M fe (C) so that 

114- £ £ PgAjPMWZTu. 

l<L<r l<s<k L 

Note that {PsJ : 1 < £ < r, l<s< fe t } is a family of mutually orthogonal projections 
with the sum i& in .Mfc(C). There is some unitary matrix U E Uk such that U*Pss U(= 
Qss) is diagonal for any 1 < t < r and 1 < s < k L . Then, for any 1 < j < n, 

114 - tf( £ £ Q£(lTA,l7)Qg)ir|| < 2u. (14) 

l<t<r l<s<fc t 

Thus, for 1 < j < n, 

|| J] £ QW([/M^)QW|| < ||,y+2a; < 4A 

KKrKsa, 
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Therefore 

(E E qSS(c^^icoq5S,---,E E Q2(^A»«7)g5S)eBoz/(o,...,o;4i2,i|.||) J 

l<t<rl<s<fe t l<t<rl<s<fc t 

(15) 
i.e., it is contained in the ball centered at (0, . . . , 0) with radius AR in (.Mfc(C)) n . 

Since {P st : 1 < s, t < k L , 1 < i < r} is a system of matrix units for a copy of B in 
.Mfc(C) such that 

E p ^ = ^ 

l<t<r, l<s<fc t 

we know that there is a unital embedding from B into Atfe(C). It follows that there are 
positive integers ci, . . . , c r satisfying 

(i) Rank P^ = ■ ■ ■ = Rank P k k = c L for all 1 < i < r, where Rank T is the rank 

of the matrix T for any T in .Mfc(C); and 
(ii) Ci^i + • • • + c r £; r = fc. 

By the restriction on the C*-algebra B (see condition (b) as above), we know that 
SubRank(B) > N, i.e., 

min{fci, . . . , k r } > N. 

By (ii), we obtain that 

k 
min{ci,...,c r } < — . (16) 

By (i), we know that 

Rank Q±{ = ■ ■ ■ = Rank Q k k = Rank P{{ = ■ ■ ■ = Rank P h f k = c t , for 1 < t < r. 

Thus the real-dimension of the linear space Xa< t <r 12i<j<k L QjjMk(C) s ' a Qjj is 

dtm R ( J2 E QfjM k {C) s - a Q^ J = clh + ■■■ + c%. (17) 

\l<i<r l<j<fc t / 

By the inequality (16), we get 

k k 2 

c\k x + ■■■ + c%. < -^(cifci + • • • + c r k r ) = — . (18) 

For any such family of positive integers C\, . . . , c r with c\k\ + • • • + c r k r = k, and the 

al 

Rank(Q^) = c t , V 1 < t < r, 



family of mutually orthogonal diagonal projections {Q is } i< s <k L ,i<L<r with 



' ss 

we define 

n(W2}.,*) = {(E E ^qw...,^ E Q52r„g2): 

l<t<rl<s<fe t l<i<rl<s<fc,, 

T i = 77eA^ fc (C), Vl<*<n}, 
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which is a subset of {M s k a -{C)) n . 

Therefore, combining Lemma |4T3"1 equation (17) and inequality (18), for any u > we 
have 

i/oo(n(W2K0 n BaH(0,...,0;4R,|| ||); u>) < (— )*£ . (19) 

Let 

A = {(ci, . . . , c r ) : 3fci, . . . , A; r € N such that cifci + • • • + c r &v = A;}. 
By inequality (13), we know that the cardinality of the set A satisfies 

Card(A) < (Ay. (20) 

Let 

^ = U (civ .. iCr)eA {^({QSKO I {Q2}i<«<*,,i<t<r is a family of mutually 

orthogonal diagonal projections with Rank(Q S s) — c t , Vl<t<r>. 

By inequalities (19) and (20), we know that 

^(fi n BoM(0,...,0;4i2,|| ||); u>) < (— )^ • (Ay. (2 i) 

a; A 

Based on (13), (14), (15), (21), and Lemma I4~3l now it is a standard argument to 
show: 



S top (x h ...,x n : {Re(e^)} sU , {Im(e^)} sA ,; 4w) 
Iog((*) p (^)^(W 



< lim sup 

fc^oo -A; 2 log(4w) 



?? 



1 + TT + 



|log(i2tf)+log(9^e) 



N 



N — log u> 



By Lemma [4.11 



8top(x u . . . , x n ; Au) < 1 + — + 



n , f log(12.R) + log(97re) 



A" — log u> 

Therefore 

Tl 

8 top {x u ...,x n ) = \imsupS top (x 1 ,...,x n ;4oj) < 1 + — . 
Since A" is arbitrarily large, S top (xi, . . . , x n ) < 1. D 
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4.3. Lower bound of topological free entropy dimension of an approxi- 
mately divisible C*-algebra. 

The following definition is Definition 5.3 in [7J. 

Definition 4.1. Suppose A is a united C* -algebra and x\, . . . , x n is a family of self- 
adjoint elements of A that generates A as a C* -algebra. If for any m e N, e > 0, there 
is a sequence of positive integers kx < kfr < " • such that, for s > 1, 

r top (xx, . . . , x n : yx, ■ ■ ■ , y t ] K, e, m) ^ 0, 

then A is called having approximation property. 

Using the idea in the proof of Lemma 5.4 in [7], we can prove the following lemma. 

Lemma 4.5. Suppose mx, Vfia-, ■ ■ ■ , rn r is a family of positive integers with summation m 
and mx, ■ ■ ■ , m r > jV for some positive integer N. Suppose kx, ■ ■ ■ ,k m is a family of positive 
integers with summation k and for every 1 < s < r, k mi+ ... +rris _ 1+ i = ■ ■ ■ = k mi+ ... +ms 
(m = 0). If A = A* e M k {C), and for some U e U k , 



\A-U 



/ 1 • I kl • • • \ 

2-4 2 ■■• 



u*\\ < 2 



N 3 '' 



V ... m -I km J 

then, for any u > 0, we have 

^(fi(A), W )>(8C 1 ^)- fc2 — 



oo J 

for some constants Cx,C > 1 independent of k,u, where 

Q(A) = {W*AW : W eU k }. 
Now we are ready to prove the main theorem in this subsection. 

Theorem 4.2. Let A be a unital separable approximately divisible C* -algebra generated 
by self-adjoint elements xx, ■ ■ ■ , x n . If A has approximation property, then 

Otop\XXi • • • i %n) — A- 

Proof. For any positive integer N, by part (3) of Proposition 12. 1\ there is a finite- 
dimensional C*-subalgebra B containing the unit of A with SubRank(£>) > N. Therefore 
there are positive integers r, kx, ■ ■ ■ , k r such that 

B~M kl (C)®---®M kr (C). 
Let {eJt : 1 < i < r, 1 < s,t < k L } be a system of matrix units for B. Let 

x»=i:i:(»+i>i-«p 

v=X 8=1 \ 3=1 
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Note that {p m (xi, . . . , x n )}^ =l is a norm-dense set in A. There exists a polynomial 
Pm N e {Pm}™=i such that p m]V (xi, ...,x n ) is self-adjoint and \\p r n N (x ll . . .,x n )-z N \\ < ^. 
For sufficiently small e > 0, sufficiently large positive integers m and &, if 

(B,Ai,..., An, {C st } Sjt)t , {£) st } S)tjt ) 

e r top (p mjv (xi, . . .,x n ),Xi, . . . ,x n , {Re(eii )} s ,t, M {Im(e$)} Sjt)t ; k,e,m), 

then, by Lemma 14.21 there exists a set {P st : 1 < s, £ < /c t , 1 < /. < r} of matrix units for 
a copy of B in .Mfc(C), such that 

n*-EE «+E*. H'^Ji- 

t =l s =l \ j=l / 

Let [/ be a unitary matrix in .Mfe(C) such that, for any 1 < s < & t and 1 < t < r, 
U*Pss U(= Qss) is diagonal. Then, from the preceding inequality, 

i fl - tf (tE('+E'i)^) B, i4- 

From Lemma [4. 5j for any a; > 0, when m is large enough and e is small enough, there 
are some constants C, G\ > 1 independent of & and o>, such that 



Voo{Tto P {Pm N {xi, ■■■,x n ) :x!,...,x n , {Re(e^ ) )} s , fit , {1m(e%)} aU ; k,e,m),to) 



-50fc z 

> (8Cl .)-* 2 (^^ 

Therefore 

*top(Pm^(a:i, • • • ,x n ) : xi, . . . ,x n , {Re(e2)} S)t , t , {Im(e2)} s , t)t ) > 1 - — . 
By Lemma [4.11 

Stop(pm N (xx, ...,x n ):xx,...,x n , {Re(e^)} sU , {Im(e^)} sU ) 

OtopyPrriN ^lj ■ • • j 2-nJ • X\ , . . . , X n J 
_ "top^l) • • • 5 X n )f 

whence 5top(^i; • • • , x n) > 1 — |r. Since iV is an arbitrary positive integer, we obtain 

OtojA^l; • • • , £n) > 1. 

□ 
Combining Theorem 3.1, Theorem 4.1 and Theorem 4.2, we have the following result. 
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Theorem 4.3. Let A be a unital separable approximately divisible C* -algebra. If A 
has approximation property, then 

where x%, . . . , x n is any family of self-adjoint generators of A. 

Using the similar idea in the proof of Theorem 14.31 we can have the following gener- 
alized theorem. 

Theorem 4.4. Let A be a unital separable C* -algebra generated by self-adjoint el- 
ements Xi,...,x n . Suppose, for any positive integer N, there is a finite- dimensional 
subalgebra in A containing the unit of A with subrank at lest N. If A has approximation 
property, then 8 t(yp {x u . . . , x n ) = 1. 

5. Similarity degree 

In 1955, R. Kadison [8] formulated the following conjecture: Let A be a unital C*- 
algebra and let 7r : A — ► B{7i) (H is a Hilbert space) be a unital bounded homomorphism. 
Then n is similar to a *-homomorphism, that is, there exists an invertible operator S G 
B{7i) such that S~ 1 n(-)S is a *-homomorphism. 

This conjecture remains unproved, although many partial results are known. U. 
Haagerup [5] proved that ir is similar to a *-homomorphism if and only if it is completely 
bounded. Moreover, 

IMU^nfiHSHis- 1 !!} 

where the infimum runs over all invertible S such that S~ 1 n(-)S is a *-homomorphism. 
By definition, ||7r|| c b = sup n>1 ||7T n || where n n : M. n (A) — > Ai n (B(TC)) is the mapping 
taking n by n matrix [ay] nxn to matrix [^{aij)\ nxn . 

G. Pisier |10j proved that if a unital C*-algebra A verifies Kadison's conjecture, then 
there is a number d for which there exists a constant K so that any bounded homomor- 
phism 7T : A ^ B(TC) satisfies ||7r|| c b < iT||7r|| d . Moreover, the smallest number d with 
the property is an integer denoted by d(A) and called similarity degree. It is clear that a 
C*-algebra A verifies Kadison's conjecture if and only if d(A) < oo. 

Remark 5.1. When determining d(A), it is only necessary to consider unital bounded 
homomorphisms that are one-to-one. To see this, let tt be a unital ^-isomorphism from 
A to B(JC) for some Hilbert space JC. It is not difficult to see that it © n is one-to-one, 
|| vr © 7T || = ||7r|| and \\tc © n \\ cb = \\n\\ cb . 

We will show that the similarity degree of every unital separable approximately divis- 
ible C*-algebra is at most 5. To do that, we need the following lemma. 

Lemma 5.1. Let A be a C* -algebra with the unit 1 a, A§ and B be commuting C*- 
subalgebras of A that contain J4. Suppose B = .Mfci(C) © • ■ ■ © M. kr {£) with k±, . . . , k r > 
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n > 2 for some positive integer n, and {efj : 1 < i, j < k s , 1 < s < r} is a set of matrix 
units for B. If {a^- : 1 < i, j < n} C Aq, then 

ii v^ v^ (*)n _ nr i ii 

II / j / j a ij e ij II ~~ II [ a ij\nxn\\- 
l<s<r l<i,j<n 

Proof. Let pi — I kl © • • -0 © 0, . . . ,p r — © • • • © © I kr be the projections in B, 
where I ks is the unit of .A/f/^C) (1 < s < r). Then it is clear that Pi + ■ ■ ■ + p r = Ia an d 
for any 1 < s < r, 1 < i, j < k si ef-' = p s efj ■ 

Define 

7r : M kl (piAo) © • • • © M kr ( Pr Ao) -► C*(^ , S) 
by 

^(bl^j^fcixfcx © • • • © [PrO§ ) ]* r xfcr) = Yl Yl 4/H^' 

for any o^ G Ao. It is clear that n is a *-isomorphism. 
Thus, in M n (A), 

(Ps 

p. 

= m.ax{\\\p s aij] nxn \\ : 1 < s < n}. 
On the other hand, 

ii V^ V^ ( s )n 

II 2^ 2^ °^4- II 

l<s<r l<i,j<n 
_ ||, r /Y [Pl%']nxn \ / [p r Oii]nxn 

- IF^Q Oj®'"® ^0 

= max{ 1 1 \p s aij] nxn || : 1 < s < r}. 

Theorem 5.1. If A is a unital separable approximately divisible C* -algebra, then 

d(A) < 5. 
-II - II 



□ 



Proof. Let A = U m A m with A m defined in Proposition 12.11 By Remark 15.11 let 
ir : A — > B(7i) be a one-to-one unital bounded homomorphism, where 7i is a Hilbert 
space. It is sufficient to prove that 

IMlwiJU < ^IMI 5 

for some constant K. 

For any positive integer n, let {a^- : 1 < i, j < n} be a family of elements in U m A m - 
Then there exists some positive integer m such that {a^ : 1 < i, j < n} is in A mo . From 
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Proposition 12.11 there exists a finite-dimensional C*-subalgebra B containing the unit of 

V 



A with SubRank(S) > n and B C A mo n A. Let {e^ : 1 < i,j < k s , 1 < s < r} be a set 



of matrix units for B. 

Since B is finite-dimensional, it follows that B is nuclear. Therefore, from [6], there 
exists an invertible operator S in B(7i), such that ||i>|| • US' -1 ! < C||7r|| 2 for some constant 
C, and S~ 1 ir\ B S is a "-isomorphism. Let p = S~ 1 wS. Then {p(e^ ) : 1 < i,j < k s , 1 < 
s < r} is a set of matrix units for the C*-algebra p(B). Hence, by Lemma [5. H 

iip(E E «^e& J )n < iipn - ii E E %-^iihm 

l<s<r l<j,j'<n l<s<r l<ij'<n 



["ij'Jnxnl 



On the other hand, by Lemma 15.11 



E E a >- 



l<s<r l<«,j<n 



= ii E E p( a iM^)\\ 

s=l l<i,j<n 
— || [P\flij JJnxnll • 

Therefore we get 

|| [P{ a ij JJnxnll ^ ||P|| ■ || [ a r/Jnxn|| S ||*j|| ' ||<-> || ' II 71 "!! ' II [ a r/'Jnxn || fi ^ll 71 "!! II [ a r/Jnxn|| j 

which implies that ||/?|u m .4 m ||c& < C|M| 3 > then 

Nu^JU = \\s P \u m A m s-% b < \\s- l \\ ■ \\s\\ ■ IM UmA JU < c 2 lkll 5 - 

n 

F. Pop |14j proved that if A is a unital C*-algebra, B is a unital nuclear C*-algebra 
and contains unital matrix algebras of any order, then the similarity degree of A (8> B is 
at most 5. Here we state our another result which generalize F. Pop's result. 

To prove our result, we need the following lemma (Corollary 2.3 in |14|). 

Lemma 5.2. Let A and B be unital C* -algebras and B nuclear. Ifir is a unital bounded 
homomorphism of A®B such that n\^ is completely bounded and 7r|g is *-homomorphism, 
then 7v is completely bounded and ||7r|| c b < 1 1 tt | ^4_ 1 1 c b . 

Using Lemma 15.21 and the idea in the proof of Theorem 15.11 we can get the following 
theorem: 

Theorem 5.2. Let A be a unital nuclear C* -algebra such that for any positive integer 
N, there is a finite-dimensional subalgebra in A containing the unit of A with subrank at 
least N . Then, for any unital C* -algebra B, d(A® B) < 5. 

Acknowledgement The authors would like to thank Professor Don Hadwin for many 
helpful discussions. 



22 

References 

[1] B. Blackadar, A. Kumjian and M. R0rdam, Approximately central matrix units and the structure of 

noncommutative tori, K-theoty, 6(1992), 267-284 
[2] J. W. Bunce, The similarity problem for representations of C* -algebras, Proc. Amer. Math. Soc. 

81(1981), 409-414 
[3] E. Christensen, Extensions of derivations II, Math. Scand. 50(1982), 111-122 
[4] E. Christensen, Finite von Neumann algebra factors with property T, J. Funct. Anal. 186(2001), 366- 

380 
[5] M. Dostdl and D. Hadwin, An alternative to free entropy for free group factors. International Workshop 

on Operator Algebra and Operator Theory (Linfen, 2001). Acta Math. Sin. (Engl. Ser.) 19 (2003), 

no. 3, 419-472. 
[6] U. Haagerup, Solution of the similarity problem for cyclic representations of C* -algebras, Ann. Math. 

118(1983), 215-240 
[7] D. Hadwin and J. Shen, Topological free entropy dimension in unital C* -algebras, eprint 



arXiv:math/05 10651 



[8] R. Kadison, On the orthogonalization of operator representations, Amer. J. Math. 77(1955), 600-622 
[9] C. Olscn and W. Zame, Some C* -algebras with a single generator, Trans. Amer. Math. Soc. 215(1976), 

205-217 
[10] G. Pisier, The similarity degree of an operator algebra, St. Petersburg Math. J. 10(1999), 103-146 
[11] G. Pisier, Remarks on the similarity degree of an operator algebra, Internat. J. Math. 12(2001), 

403-414 
[12] G. Pisier, Similarity problems and length, Taiwanese J. Math. 5(2001), 1-17 
[13] G. Pisier, A similarity degree characterization of nuclear C -algebras, Publ. Res. Inst. Math. Sci. 

42(2006), No. 3, 691-704 
[14] F. Pop, The similarity problem for tensor products of certain C* -algebras, Bull. Austral. Math. Soc. 

70(2004), 385-389 
[15] D. Voiculescu, The analogues of entropy and of fisher's information measure in free probability theory 

II, Invent. Math., 118(1994), 411-440 
[16] D. Voiculescu, The analogues of entropy and of fisher's information measure in free probability theory 

III: The absence of Cartan subalgebras, Geom. Funct. Anal. 6(1996), 172-199 
[17] D. Voiculescu, The topological version of free entropy, Lett. Math. Phys. 62(2002), no. 1, 71-82 



